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A continual model of the electrodynamics of a weakly concentrated suspension
moving in a magnetic field is formulated, Averaged equations are derived with
allowance for the presence of local parameter discontinuities at particle surfa-
ces, The analysis of the current distribution in the neighborhood of a single par-
ticle is used for averaging Ohm's law, Expressions are established for macrosco~
pic densities of electric power and Joule dissipation, Properties of continual
equations for high and low Reynolds numbers are considered,

The problem of constructing continual electrodynamic models arises in connection
with the formulation of equations of mechanics of suspensions considered as media with
internal degrees of freedom [1] or having a micro-structure [2]. In such construction the
passage to equations of the field averaged over physically small volumes with a large
number of dispersed particles is presupposed.

A closed macrocontinual description becomes possible if the averaged material equa~
tions, in particular Ohm®s law,are represented in the form of relationships between quan-
tities that appear directly in the averaged laws of conservation, In stationary isotropic
media the averaged Ohm's law is of the form {j) = 0,<{E), where ¢,.is the effective
conductance, which for diluted suspension of spherical particles was determined by Max-
well [3]. Works on the modelling of effective conductance in the case of finite concent~
ration and various structures of inclusions are available (see,e. g.,{4, 5]).

In the case of magnetohydrodynamic interactions the averaged Ohm's law must be for-
mulated with allowance for perturbations introduced by the motion of dispersed particles
in the velocity field and, consequently, in the electric current density, Hence it is not
possible to pass from the local Ohm's law to the macroscopic by a formal replacement
of electrical conductivity by its effective value and the remaining quantities by their
mean values, The relative motion of phases results in the appearance of "slip current"
which may be considered as an internal degree of freedom.

1, The averaging of Maxwell equations, Let us consider a suspension
of macro~particles with conductivity 0; in a fluid or plasma with conductivity ;. Sub-
scripts § and f relate to particles and fluid, respectively. The order of the minimum
macro-volume in which the approximation of a continuous medium is valid is 3. The
quantity /, the characteristic dimension of particles a ,and the characteristic length L
of averaged parameter variation satisfy the inequality a << [ << L.

The system is assumed to be nonpolarizable, nonferromagnetic, and quasi-neutral,hence
the usual magnetohydrodynamic equations are applicable to both phases [6], We assume
that the condition

min (0,, 05) = 0y > g0 (L1
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is satisfied, In it @ is the characteristic frequency variation of local parameters and g,
is an electrical constant. (SI units are used throughout), In the absence of unstable ex~
ternal effects ® ~ V, / d, where V, is the characteristic velocity of particles and d
the mean distance between these. Inequality (1. 1) makes it possible to neglect the slip
current and assume the electric field to be quasi-stationary, The Maxwell equations for
microfields may now be written as

rot E = —0B/dt, rot B = p,j (1.2)
divB=20, divE =p, /¢

The term "microfield" is meant here to define the field of elementary charge carriers
averaged on a scale that is considerably smaller than the dimension of dispersed pasticles,
i,e. a field which in classical electrodynamics is considered as macroscopic, The result
of averaging the microfield over volume D), is a macrofield,

Since at the surface of particles electrical conductivity is discontinuous, the macrofield
is also discontinuous, At these surfaces the conditions

n{B} =0, nx{B}=ypei, n{E}=19/¢, (1.3)
nx{E} = —p, (nV)nxi4 nx V,(gnj)
g{V}=0, n{j}=—V.i

must be satisfied [6, 7], In these formulas n is the external normal to the surfaces, i
and ¢ are the densities of electric surface currents and charges, respectively, ¢ isthe con-
tact resistance, and V ,is the Hamilton surface operator. In the right-hand side of the
fourth of Egs, (1.3) only one term is nonzero, since the conditions of formation of current
and electric double layers are usually incompatible,

Below we introduce the conventional operation of averaging over a physically small

macrovolume D, g> = D S g (X + x')dD, (L.4)
Dy

where X is the radius vector of the center of mass of volume D,. Vector X - x’ pas-
ses through all points of D, hence integration is carried out with respect to the variable
x’. Since function {g)> is continuous at discontinuity surfaces of g ,(1.4) is a smooth~
ing operator, The space intervals | dX | and | dx |, in which it is possible to consider
the respective variations of functions {g) and g assmail, satisfy the condition [4X [>a>
| dx |. Because of this X may be taken as a macrocontinual radius vector, The invari-
ant differential operators that are applied below to macroscopic functions presuppose dif-
ferentiation with respect to X-

Permutability of differentiation and averaging operations applies to continuous fields.
This property is used in the derivation of Maxwell equations from the equations of mac-
roscopic electrodynamics [8]. In a suspension the fields may become discontinuous at
phase interface boundaries, and this must be taken into consideration when averaging
Eqs, (1. 2), For function g which has discontinuities at the moving surfaces S that lie
inside D}, we can establish the following relationships:
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Continual equations of electrodynamics 317

a<g> < >+ ) Zgn {g}dSk, {(gy=2g1—¢

where in this case S, are surfaces of particles, 7; is the projection of m on the basis
vector €; and V, is the normal velocity of the discontinuity propagation, Using (1.3)—
(1.5), after averaging Egs, (1. 2), we obtain

rot (Ey = — 2 4 L - Zgnsz(qnj)dSk (1.6)

kS

rot (B = pa (< + 35 ), { i454)
E 8
div(By =0, div(E = Eo—lk(<9e> + 5, 2; 8ds, )
kS

The surface integrals in (1, 6) determine the contribution of micro~discontinuities to the
generation of vortices and sources of the macroscopic field, The form of Egs. (1.6) is
independent of the volume concentration and shape of moving inclusions, Effect of con~
tact resistance and the case of infinite electrical conductivity which require a special
analysis are not considered here, Setting in (1.6) ¢ = 0 and i = 0, we obtain the

VR rot CEy = —9 (BY /91, 1ot (BY = po (i, div<By =0 (L7

The last of Egs, (1. 6) is used for the determination of density of sources of the macro-
scopic field {E) , after the independent determination of the latter,

In what follows we consider a monodisperse suspension of undeformable spherical par-
ticles of radius a at low volume concentration

¢ = Ymatn <L 1 (1.8)

where ¢ and n are, respectively, the volume and numerical concentrations of particles,
The microscopic current density is defined by the Ohm's law in its isotropic form

j=0(E +V B (1.9)

If the result of averaging the right-hand side of (1. 9) reduces to a known function of (E>
and (B) of mean velocities and conductivities of phases, it is possible to eliminate {j)
and {E} from system (1,7) and obtain the equation of induction which relates vector
{B) to hydrodynamic characteristics, Lorentz volume forces are represented in the ave-
raged equations of phase motion, and the equations of energy contain terms which define
energy exchanges between each phase and the electromagnetic field, To determine the
electric current contribution to the entropy generation of phases, it is necessary to know
the average phase density of Joule dissipation, There arises the problem of representing
these quantities in terms of {j>, <E)» and {B)> and of hydrodynamic properties, In
the case of a weakly concentrated suspension the sought relationships are obtained by
analyzing the problem of the electric field perturbed by particle motion in a boundless
field,

The proposed course makes it possible to obtain equations for calculating averaged
currents and fields using the specified mean velocities of components and particle con-
centration, Derivation of the complete system of magnetohydrodynamic equations is
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outside the scope of this article, It presupposes the determination of relations between
the macrostress tensor and other dynamic characteristics of phases, and electromagnetic

quantities, The force of interaction between phases, whish are determined by mechanical
macrostresses at particle surfaces, depend in a conducting medium on the magnetic field,
According to the investigations of the problem of flow past bodies in [9 — 11] the effect
of a magnetic field on the hydrodynamic resistance is comparable to the action of the
Lorentz force, and in some cases may even exceed it,

The averaging over phases is carried out in accordance with the rule

(@a=Da § g(X +x)dDy (@=5.1)
Dy,
where D, and D, are, respectively, the volumes occupied by particles and the fluid,and
D, - D; = D,. Below we make use of the relationship

8> = el + (1 —e)g)y (1.10)
and of the formula for the mean product of two quantities

<8182 = g8 + {84108 = {g><{&)> 4 ¢ <8gdg>: + (1.1
(1 —c) <8g:88>>, Bg1 = g1 — <&

Formulas (1.10) and (1, 11) are also applicable to averages over elementary cells .
The latter represent regions occupied by the k~th particle and the surrounding fluid, as
usually considered in suspension rheology [12]. The portions of volume occupied by the
particle and the fluid are, respectively, ¢ and { - ¢ , The relation between mean va-
Iues of cell parameters denoted below by quantities in brackets and the averages over

volume D), is of the form L1
n<g>=2k‘,[gk3, n<g>a=>;,{gk1m @=s1) (L.12)

lgn] = ¢ lgu], + (1 — O)lgn)y

2, Electric current distribution in cells and averaging of Ohm's
law, We assume that the definition of the microflow in a cell satisfies the inequalities

0'o == Max (Un 0/) < (“'00)[2)—1 (2. b
Rel) = ®po VI €1, V° = max (V,, V)

The first of these inequalities makes it possible to neglect the derivative with respectto
time in the first of Eqs, (1. 2) and assume rot E =~ 0 within volume DI}, , and the second
of conditions (2, 1) makes possible the assumption that B =~ {(B) along a segment of
length /.

Let us consider the current distribution when a spherical particle moves at velocity V,
in a stream whose velocity at infinity is V_, and the current density jo. For fairly small

particles the Stewart number St — o B>l (0 W) < 1 (2.2)

can be considered smail,

(At very low velocity of flow W inequality (2, 2) may be violated, In such case it
is necessary to assume smallness of the square of the Hartmann number Ha® =8t. Re <<
1, where Re = Wya / v; is the usual Reynolds number), Owing to this it is possible,
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when determining the electric current in the first approximation by St ,to consider the
field of the fluid relative velocity W to be the same as that obtaining in the absence of
magnetohydrodynamic interaction, The current density is determined by the Ohm's law

Jo = o,E, jf = O (E' + W (B)), E=E+4V,x (B) = — Vo' (2.3)
where E'is the electric field in a system moving with the particle and is determined by
the solution of the boundary value problem for the potential @’
AD' =0 (r<a), AD,=(ByrotW (r>a) (2.4)
D' = D), D' /)or = 0, (0D, jor — n(Wx(B))) (r=a)
V(I)+,"—)'—Eoo (r — ), lq)_'(O)|<oo, Oy ==0; /0y, D=7T/[r

where T is the radius vector drawn from the particle center,and ®@_' and @,’ arethe

potentials inside and outside the sphere, respectively, It is assumed that the distribution
W (r) in the absence of a magnetic field is axisymmetric

W = W, (r, 0)e, + Wy (r, O)es (2.5)
where the angle 0 is read from the direction of W, We assume the field W to be in-
compressible, which is admissible for M? = Wx?/ C;* << 1, where C; is the speed of
sound in the fluid divWw =0 (2.6)

The current distribution inside the particle is independent of the selected velocity field
when the latter satisfies conditions (2, 5) and (2, 6); furthermore

DW=0 (=4a), W=W,40F?) (—x) (2.7

To prove this statement it is sufficient to ascertain that the difference between the
two solutions of (2,4) which correspond to velocity fields Wy and W, is constant inside
the sphere, Denoting that difference by ¥, we obtain the following problem

Ax- =0 (r<a), Ay =@B)rot u(r>a) (2.8)
X- = Xa» OX_/0r = 0y [0, /0r — n (u X (B))] (r = a)
Ve =0("), u=W;—W,

r—»o0

1t follows from (2.5) and (2. 6) that u can be represented as
U = rot ‘F. Y=Y (", e)e. (2. 9)

In conformity with the impermeability requirement ¥ vanishes when r = a. Letuscon-
sider the auxiliary external problem

Ay *=<Byrotu (r>a) (2. 10)
0x,*/r=n(ux(By) (r=a), er,,* =0(r)

Using the relationships
Byrotu=—A(KB)¥)

(7]
DUuX<B))=—73-(B>¥)+n (B V)¥
we conclude that problem (2, 10) is equivalent to the following:

AMA=0 (r>a)y, OA|or=n((ByV)¥ (r=a) (2.11)
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VAr—ooo =0(r-1), A=x*+<B)¥

Since the identi

Y n (B V) ¥ = (B V) (a¥) — ¥ (B> V) n
is valid and, owing to axial symmetry, n¥ = 0 throughout the flow and at the sphere
surface ¥ = 0, Neumann's condition in problem (2, 11) vanishes, hence that problem has
the solution A = C == const. It is now evident that the pair of functions

Yo =C Yy =" =—<BYY+C (2.12)

satisfies all conditions (2, 8), Since the solution of problem (2. 8) is unique within the ad-
ditive constant,(2, 12) represents the sought solution,

Formula (2, T) makes it possible to calculate the current density in a particle (but not
in the fluid) using the simplest field W which corresponds to the inviscid potential flow

W =W; = V{1 + Y/2a%"3%) W,r}
The solution for each field was obtained in [10] for the particular case of o, = 0.
It is possible to extend it to the case of jo 5= 0 and, also, to take into account the vor-

tex component of field W using formula (2, 12). The corresponding formuias for the cur-
rent and the electric field in the laboratory system of coordinates are of the form

3o
J = ﬂ'%a—{ (Ew + Vo x (B) —~%Wu P (B)) (2.13)
= 07 (B + Voo x (B - ¥ (5 Waar ) x <BY +

V{FE BT+ (B DY)
Ea = (1 + 20’*)‘1 (30'-|=Em“”(1 "'U*) Vax (B> + (1 ’l“i/sa*) W«,X(B))
Ey = Eo + V(5 (B, — Bx)r + (B) ¥

In a weakly concentrated suspension the distribution (2. 13) may be identified with the
microvariable distribution inside elementary cells, whose averages over a cell are calcu-

lated by formula {g] = Dt S gdDg (2. 14)
Dg

where Dp denotes a sphere of radius B = ac™"s with a center common with the par-

ticle, We shall use the following relationships:

[E] = — D S VO dDg = — DR S OndSz (2. 15)
DR SR
i) = DR § divTdDz = DR § (nj)'rdsa
Dp Sp

where @ is the electrical potential and T is the tensor with components Tip = Tiln-

The Gauss formula in (2. 15) is used with allowance for the continuity of @ and nj on

the inner sphere .§,. It follows from (2, 13) and (2. 14) that on sphere §p
O=0;=—{{1 —)EBu+ cE}r—<(BY¥ (2. 16)
nj = nj; = n{(1 — ¢) jo + cJs + ¢ (B V) ¥}
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The substi'ution of (2. 16) into (2. 15} yields
[E] = (1 — ) B 4 cE, 4 [Ey], [§l =1 —¢)jw +cjs + el (2.17)
{E‘Yl = 1/2 [rot ‘I’I X <B> = ﬁwoo X <B>i [j‘f'l = — Of {E‘F}

The representations of mean characteristics in the form of streams (2. 15) reflect the
combined effects of perturbations induced by particles, Parameter § generally depends
on the Reynolds numbes, For an inviscid potential flow f§ = 0, while for the Stokes
mode we have 3

3 2N . " s
‘F.—_——Z-Wma(i—%)sme, p=—-ch(l—ch) (219

Taking into account the homogeneity of quantities E, and j, inside a particle from
(2. 17) and the second of formulas (1, 12), we obtain

{iw)
[El,=E, [l=j» [El=Eatir, l=jetgrs (219

Using formulas (2, 12), (2, 13) and (2, 19) and relationships
[v]s = vsv [v]f = Vo — 2[5 (1 - c)_l (Vw - vs)

we establish the macroscopic Ohm's law

3 = 0.KE)> 4+ U, x (B}) (2. 20)
14 2ue Q- . o

Oo=0f g3 %=TFmoy’ %= 5

U= (V> — 5 852 aW,, W, =V =<,

The quantity G, is the same as the effective conductivity of a suspension, as defined by
Maxwell [3], Vector U, X (B} determines the effective electromotive force gener~
ated by the motion of a two-phase medium in a magnetic field, When the main slip
velocity W, is nonzero, the equality U, = (V) is satisfied if the conductivities of
phases are tne same, Note that parameter f§, which depends on the detailed pattern of
flow around particles, does not implicitly appear in the averaged Ohm's law, Formulas
for the mean phase current densities are of the form

. 3 . .
s = T+ 209) (1 F 2xe) {(J) - (1 - C) <J*>} (2.21)
(@r = + 207 {5 + ges CGd} o <o = Yoo Wo x (B

This shows that when the mean current {j> is passed through a two-speed suspension,
the mean currents in phases cannot be determined by the conductivity of these and by
the quantity ¢, if the "slip current” {j,> is not specified,

The derivation of Ohm's law described above is based on current distribution in cells
with translational movement of particles. Besides distributions (2, 13) components of
microfields E, and current j,are possible, These are due to the rotation of particles
at angular velocity ©, and surrounding fluid having an undisturbed angular velocity @y
for r — o , The electrical potential @ induced by the slow relative rotation of the sphere
is determined by the solution of problem

AD - =2<Bro, (r<a), ADF =<ByrotV, (r>a)
O, =0,% 00, /dr 4 a{(n(B))(ne,) — B ®,} =
04 (0D [Or —n(V X (B3} (r=a)

(2.22)
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2 as
Vol .. =5 (B e)r+od), V,=e xr+—5(0,—a)xr

where V,is the inertia-free approximation of the velocity field of a viscous fluid in the
presence of rotation of the sphere and fluid stream, The condition for r — oo is formu-
lated with allowance for div j» — 0. The solution of problem (2, 22) is of the form

kS
Dy =3 B {0, (P —a?) + 2(0) — 0) a?} + 1 Z, — M7, (2.23)

o©,* —'—1"<B>{(»f(r2—-a2)+2(m; ms)—‘?-}+
Haw+(h-7) 5}

1\ a8 1
{ 55 1 ( ) 5 }Zf, Z, = —3‘-}"20)“ B) —(re, ) (r (B))
= {2+ 3072, At = (2 4+ 30,1

where the unimportant additive constant in the formula for @ is omitted, With the use
of formulas (2, 15) and (2, 23) it is possible to ascertain that [E ] = — [V®,] =0 and
[j,] = 0. This result remains valid in the case of quasi-solid rotation of a perfect fluid
when ¥, = o7 X r. The induced electric field with a sphere rotating in an irrotation
stream of perfect fluid was investigated in [10], When the inequalities

Re=W_a/vi<€1, Re = |0 —@;]a®[v;L1

are satisfied, the perturbation of the velocity field in the fluid is a superposition of fields
that correspond to the translational and rotational motions of a particle, Because of this,
E, and j, appear in local distributions as a sum, thus leaving the mean values [E] and

1j} , and the form of Ohm's macroscopic law unchanged,

3, Macroscopic densities of power and dissipation, The solution
derived in Sect. 2 may be used for the determination of densities of electric power - [jE]
and dissipation [j? / ¢] averaged over cells, and for the subsequent calculation of tlie
macrodensity of these quantities, In conformity with (1,11) we have

[FE] = [JIE] 4- [8J6E] (3.1)
The correlation term may be represented in the flux form
(6] = — DR § G— DV (@ + [Blr)dDr = (3,2)
Dr
#{ @+ E1)nG—DdSe
SR

In the case of distribution (2. 13) which relates to the transtational motion of the par-
ticle the surface integral in (3. 2) can be reduced with allowance for (2. 13) and (2, 16)

to the form [838E] = — oy (DzRY* § {<BY ¥ (r 0) — @.3)
SR

3 H 2
2 sin 6 g (B ¥ (r, @) sin® 6 40 } dSg
[1]

The nonpositivity of the correlation term means that the elementary cell generates
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electrical power in addition to — [§J{E] . Such generation is admittedly absent if the
flow past the particle is potential or is parallel to the magnetic field. If the representa-
tion ¥ = f (r) sin 0 is valid, which is the case with Stokes flow modes (see formula
(2.18)), and also [§§6E] = 0.

If in the case of low Reynolds numbers the rotational effects are taken into account,
it is necessary to add to the correlation term (3, 3) the term [j,E,]. Cross terms of the
form [jiE ] and [j,Eq], where j; and E; are distributions, determined by (2, 13) which
relate to translational motion, prove to be zero. For the quantity [j E,] obtained from
the solution (2, 13) we have

[iuEu] = Y500, B2 (0; — @,){3¢B>20; + (B> @) B>}e (1 + 0 C)) (3.4)

where R = ac™"s is the radius of the cell, If | @ — @, | < oy, the ratio of the right-
hand side of (3.4) to [i]l [E] is of order cR*w/*/(10'V?). When the inequalitv R*/L* <
10, where L is the characteristic length of mean velocity variation, the above ratiocan
be neglected within the scope of the theory that is linear with respect to particle con-
centration,

Thus for low Reynolds numbers it is possible to assume

[JE] = [j1 [E] (3.5)

Summing formulas (3. 5) over the cells and considering V,, and E, as constant in D,,
with the use of (1. 12) and (2, 17) we obtain

. 1 2
GEy = iy KBy — {2122 — g}

/2 - ,— By}
{ ﬁ}d,n‘X.{((V) Vi) x (B

1 4- 20,

(3.6)

where V, is the velocity of the k-th particle center of mass. The correlation correction
to {(jPCE) defines the electric power generation in the macrovolume owing to the par-
ticle distribution by velocities, At low Reynolds numbers that correction is proportional
to ¢, but when the distribution dispersion § is fairly small (£ << {V),2"'?) theratio
of the correlation term to {j> {E) is considerably smaller than ¢. Then in the linear

approximation by ¢ we have GE) = ) KE> (3.7

Formula (3.7) is even more valid for the model of irrotational flow past particles, since
for B = (O the correlation term is of order c2,

The Joule dissipation density averaged over cells substantially depends on function'¥".
For the Stokes mode of flow from (2, 13) and (2, 17) we obtain

[i]=mi+-9-a{7 W x (BY)? + (W, (BY)?) s
g o, %0 °f (Woo x (B))® + (Wo (B))?}c"* +- 0 (c) (3.8)

In conformity with (2, 23) the allowance for rotational motion results in a dissipative

term of the form
liz*lo] = */s0:R* ({BY*0*—1/5 ({Bd0p)?} (1 + O (¢))

whose ratio to the first term of (3. 8) is small in comparison with ¢ when R3}/L* L c.
In that case the effects of rotation and dissipation can be neglected,

For the potential flow past a particle we have

i P ) ci—eo) i 12 :

[ o ] =", T o; (1420, +2(1—0¢)c){3 BFopt+ (o)) lal’= €9

e
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2(1 —0,) [kl 1} k] = Y20rWe x (B}

We summate formulas (3, 9) over the cells taking into account formulas (1,12) and(2,17)
and neglecting the dissipation term of order c? similar to that in (3, 6) and related to
particle distribution by velocities. Then the macrodensity {j2/ ¢ in the case of irro-
tation flow in linear approximation by ¢ is defined by

i <. 2 3 2 . .
<—’6—> = :ri + o; (1 -j— 20,) {33+ 0,)<iad® — 2(1—0,) GGy P} 3.109)

Formula (3. 10) implies that the averaged dissipation does not vanish when the current
mean density is zero, This is explained by the thermal effects of microcurrents whose
generation is unavoidable when the flow past particles is oblique to the magnetic field.

4, Continual equations at high and low magnetic Reynolds
numbers, The elimination of quantities {E> and <{j) from (2.20) and the firsttwo
of Egs. (1. 7) makes it possible to obtain for the induction an equation which definesthe
magnetic field in a two-phase medium

a<B 1
at) = rot (U, x {B)) o, (Vine,xrot (B) 4+ A(B}) (4.1

In the case of high magnetic Reynolds numbers Rely” = uq0,U,L >> 1 the first termin
the right~-hand side of (4. 1) is the principal one. If the diffusion terms are neglected, it

is possible to obtain the analog of the condition of the magnetic field freezing-in in the
case of a two-phase medium [6, 7], However, unlike in the case of the homogeneous me-
dium, the magnetic field does not move with the material volume but is attached to a
fictituous continuum which moves at velocity <V> 4 %/,cW,.

The effect of the gradient of macroparticle concentration on the propagation of mag-
netic perturbations is another peculiarity of suspensions with phases of constant conduc-
tivity. We transform the gradient in (4. 1) restricting in the second of formulas (2. 20)
the approximation for 0, to a linear one with respect to ¢

V In 0, = 3uVe (4.2)
Substituting (4. 2) into (4. 1) and assurning that the coefficients of the obtained equation
are constant, for plane waves of the form

By =bexp{i(KX—wt)}, ImK=0, Kb=0, o=o0,+i
we obtain the following dispersion formulas:
O, = (Ue + 3!‘"0_10'P-1MVC) K’ 0= — p'O—lGO—lKZ. (4.3)

This shows that in the presence of a concentration gradient the rate of perturbation trans-
fer is further increased in the direction of %Ve due to the incease of effective conduc-
tivity.

Electric current distribution in channels at low Reynolds numbers are subject of detailed
investigations in connection with various applications in magnetohydrodynamics (see, e. g.
[13]). Similar steady state problems with Re4,(1) << 1 may be considered in the case
of two=phase media, when (BY = B, 4 B;, where By and B, are, respectively, the
external and the induced magnetic fields which can be neglected in Ohm's law (2.20).
The distribution <{ED> and <j> are then determined by the solution of systermn

rot <E> =0, div <J> =0, <j> = O, (<E> + Ue X BO) (4.4)
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We resort to macrocontinual equations with the intention of using these for calculat-
ing the over-all electrical characteristics of two-phase systems, This is justified if it
yields adequate results of integration of the true and averaged distributions over macro-
scopic manifolds, With the use of definition (1.4) it is possible to show that the integrals
of micro- and macrodistributions taken over the finite volume ) ~ L3 coincide to
within the term of order I/ L. Since, strictly speaking, the averaging in (1, 4) presup~
poses passing to limit { / L — Q with fixed ratio g / I [12], the over-all electric po=
wer N and dissipation Q can be calculated by formulas

N=—-§(jE)dD, Q=§<'““ D

g

On the basis of formula (3.7) we conclude that N can be determined by solving system
(4.4). However the solutions of the latter are insufficient for determining (), since mac-
rodensity of dissipation is not determined by specifying vectors <j> and U, X B,.
Total current through the macrosurface and the difference of potentials between two
points at a distance of order [, can be determined in the steady state case with the use
of integrals of averaged functions. This follows from the integral laws of conservation
for microscopic quantities
$waz =0, <§3Ezdr=0 “@s)

z

where y and % are unit vectors of the normal to surface X and tangent to curve I',
respectively, Using (1.4) and (4. 5) we obtain formulas

S Gy vdF = {1 + 0(%)}& wdF (4,6)
F

Jal

S <E>1d0={1 +0<—£—>}§ ExdC

C

where F is an open surface ~ L? and C  is a curve (segment) whose end points are
at a distance ~ L from each other, ' ‘

If the microdifferential of length 8C is of the order [/, then in order to pass tomac-
rodefinition it is necessary that | <& [, <& L. Assuming that within a scale of order [,
the averaged functions are constant and applying (4, 6) to the macroscopically small area
8F and arc 8C, we obtain

iy vedF={1+0 (%)} Sv jodF, By 7,8C = {1+ 0 (T‘*-)}% EtdC
)

5C

where v, and T, are macroscopic vectors of the normal and tangent introducedin (12},
Neglecting terms of order / / I, it is possible to conclude that the normal component
of vector {j> at the impermeable wall and the tangent component of {E> at the per-
fect electrode are absent, This makes it possible to apply the conventional boundary
value problem formulation to system (4.4). The use of Ohm's formula in the form(4.4)
close to a wall is admissible, if in that region the condition of smallness of particle vo-
lume concentration is not violated.
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